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function field of n variables over a field k. The action is called a purely mono- 
mial action if cr ■ xj = Y[i<i<n-^T^ a G G, for 1 < j < n where 
{o-ij)i<i,j<n £ GLn{'Zi). The main question is that, under what situations, the 
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In this paper we will prove that k{xi, X2,X3,X4)'^ is rational over k provided that 
the purely monomial action is decomposable. To prove this result, we introduce 
a new notion, the quasi-monomial action, which is a generalization of previous 
notions of multiplicative group actions. Moreover, we determine the rationality 
problem of purely quasi-monomial actions of K{x,y)'^ over k where k = K'^ . 
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§1. Introduction 



Let k he a field, L be a finitely generated field extension of A;. L is called k- 
rational (or rational over k) if L is purely transcendental over k, i.e. L is isomorphic 
to k{xi, . . . , Xn), the rational function field of n variables over k for some integer n. L 
is called fc-unirational (or unirational over k) ii k G L C k{xi, . . . , x„) for some integer 
n. It is clear that "/c-rational" ^ "fc-unirational" . The classical rationality problem 
(also known as the Liiroth problem) asks whether a fc-unirational field is fc-rational. 
Although the rationality problem has counter-examples in dimension 3 in 1970's, many 
special cases of it, e.g. Noether's problem for non-abelian groups, are still mysterious 
and await to be explored. The reader is referred to the papers |MTt ICTS[ ISw] for 
surveys of the various rationality problems and Noether's problem. 

The rationality problem of twisted multiplicative actions on rational function fields 
[Sa3l p. 538; ISa4l p. 535; IKa5t Section 2] is ubiquitous in the investigation of Noether's 
problem and other rationality problems. In this paper, we introduce a more general 
twisted multiplicative action, the quasi-monomial action, which arose already in the 
literature \Sa.3\ p. 542: [Kail p. 2773]. A good understanding of the rationality problem 
of quasi-monomial actions is useful to solving other rationality problems. 

Definition 1.1 Let G be a finite subgroup of Antk{K{xi, . . . ,Xn)) where K/k is a 
finite field extension and K{xi, . . . , x„) is the rational function field of n variables over 
K. The action of G on K{xi, . . . , x„) is called a quasi- monomial action if it satisfies 
the following three conditions: 

(i) a{K) C K for any cr G G; 

(ii) K'-^ = k, where K'-^ is the fixed field under the action of G; and 

(iii) for any a E G and I < j < n, a{xj) = Cj(cr) J^"^^ x"*^ where Cj{a) G and 

The quasi- monomial action is called a purely quasi-monomial action if Cj{a) = 1 
for any a E G, any 1 < j < n in (iii). 

To simplify the wordings in the above situation, we will say that G acts on K{xi, . . . , 
Xn) by purely quasi-monomial /c-automorphisms or quasi-monomial /c-automorphisms 
depending on the coefficients Cj(o") = 1 or not (thus the assumption k = is under- 
stood throughout this paper). 

Note that the possibility k = K is not excluded. In fact, when k = K/it becomes 
monomial actions or purely monomial actions which are prototypes of quasi-monomial 
actions (see Example II. 5p . 

The main question of this paper is: 

Question. Under what situation the fixed field K{xi, . . . ,Xn)'^ is fc-rational if G acts 
on K{xi, . . . , Xn) hj quasi- monomial /c-automorphisms ? 
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Example 1.2 When G acts by purely quasi-monomial fc- automorphisms and G ^ 
Gal(i^'/A;), i.e. G acts faithfully on the fixed field K{xi, . . . , x^)*^ is a function field 
of some algebraic torus defined over k and split over K [Vo2j . It is easy to see that 
all the 1-dimensional algebraic tori are rational. The birational classification of the 
2-dimensional algebraic tori and the 3-dimensional algebraic tori has been studied by 
Voskresenskii |Vol] and Kunyavskii |Ku] respectively. We record their results as the 
following two theorems. 

Theorem 1.3 (Voskresenskii |Vol] ) Let k be a field. Then all the two-dimensional 
algebraic k-tori are rational over k. In particular, K{xi,X2)'^ is always k-rational if G 
is faithful on K and G acts on K{xi,X2) by purely monomial k- automorphisms. 

Theorem 1.4 (Kunyavskii |Kuj IKa5| Section 1]) Let k be afield. Then all the three- 
dimensional algebraic k-tori are rational over k except for the 15 cases in the list of 
\Ku\ Theorem 1]. For the exceptional 15 cases, they are not rational over k; in fact, 
they are even not retract rational over k. 

For the definition of retract rationality, see Definition 16.11 

Example 1.5 When G acts trivially on K, i.e. k = K, the quasi-monomial action is 
called the monomial action. When k = K and the quasi-monomial action is purely, it 
is called a purely monomial action. Monomial actions and purely monomial actions on 
k{xi,X2) and k{xi,X2,X3) were studied by Hajja, Kang, Hoshi, Rikuna, Prokhorov, 
Yamasaki, Kitayama, etc.. But almost nothing is known about the rationality of 
fc(xi, X2, X3, 0:4)'^ where G acts by purely monomial fc-automorphisms, to say nothing 
for the monomial /c-actions. In the following we list the known results for the monomial 
actions and purely monomial actions on k{xi,X2) and k{xi,X2,xs). 

Theorem 1.6 (Hajja |Haj ) Let k be a field, G be a finite group acting on k{xi,X2) by 
monomial k- automorphisms. Then k{xi,X2)'^ is rational over k. 

Theorem 1.7 (Hajja, Kang, Hoshi, Rikuna jHKTl |HK2| IHR] ) Let k be a field, G 
be a finite group acting on k{xi,X2,X3) by purely monomial k- automorphisms. Then 
k{xi,X2,X3)'^ is rational overk. 

Theorem 1.8 (Yamasaki, Hoshi, Kitayama, Prokhorov |Yaj IHKY] IPrj ) Let k be afield 
o/char k ^2, G be a finite group acting on k{xi,X2,X3) by monomial k- automorphisms 
such that px'.G^ GL^{%) is injective (where is the group homomorphism in Defi- 
nition [LTT]) . Then k{xi,X2,X3)'^ is rational over k except for the 8 cases contained in 
[Ya ] and one additional case. For the last exceptional case, the fixed field k{xi,X2, x^)'^ 
is also rational over k except for a minor situation. In particular, if k is an algebraically 
closed field with char A; 7^ 2, then k{xi,X2,X3)'^ is rational over k for any action of G 
on k{xi,X2,X3) by monomial fc-automorphisms. 

Theorem 1.9 (Kang, Michailov, Zhou |KMZl Theorem 2.5]) Let k be a field with 
char/c ^ 2, a be a non-zero element in k. Let G be a finite group acting on k{xi,X2,X3) 
by monomial k- automorphisms with all the coefficients Cj{a) (in Definition II. ip belong- 
ing to (a). Assume that is in k. Then k{xi,X2,X3)'^ is rational over k. 
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Example 1.10 Assume that G ^ Gal(fC/A;), i.e. G acts faithfully on K. Suppose 
that G GLn+i{K) for each a E G. Denote by a^j the image of a^j in the canonical 
map GLn+i{K) — )■ PGLn+i{K). Consider the rational function fields K{yQ, yi, . . . , yn) 
and K{xi, where Xi = yi/yo for 1 < i < n. For each a E G, induces 

a /c-automorphism on K{yo,yi, . . . ,yn) and K{xi, . . . (note that elements of K 
in K{yQ, . . . ,yn) are acted through Gal{K/k)). Assume furthermore that the map 
7:6*-^ PGLn{K) defined by 7(a) = is a 1-cocycle, i.e. 7 G H^{G, PGLn{K)). 
Then G induces an action on K{xi, . . . , The fixed field K{xi, . . . , Xn)'^ is called 
a Brauer-field Fn^kil), i-e. the function field of an n- dimensional Severi-Brauer variety 
over k associated to 7 [Roll IRo2j IKalj . It is known that a Brauer-field over k is k- 
rational if and only if it is fc-unirational [Sel page 160]. If we assume that each is 
an M-matrix, i.e. each column of a„ has precisely one non-zero entry, then the action 
of G on K{xi, . . . , Xn) becomes a quasi- monomial action. 

From Example I1.10[ we find that, for a quasi-monomial action of G, the fixed field 
K{xi, . . . ,Xn)'^ is not always fc-unirational. However, for the quasi-monomial actions 
discussed in Example 11.21 and Example II. 5[ K{xi, . . . are always fc-unirational 

(see |Vo2t page 40, Example 21]). 

Before stating the first main result of this paper, we define another terminology 
related to a quasi-monomial action. 

Definition 1.11 Let G act on K{xi, . . . ,Xn) by quasi-monomial fc-automorphisms 
with the conditions (i), (ii), (iii) in Definition 11.11 Define a group homomorphism 
px'-G^ GLniTj) by $x(o") = [c^j,i]i<j,i<n € GLnC^i) for any a E G where the matrix 
[(^i,j]i<iJ<n is given by cr(xj) = Cj{cr) ni<i<n^r' in (iii) of Definition [TTl 

Proposition 1.12 Let G be a finite group acting on K{xi, . . . by quasi-monomial 
k- automorphisms. Then there is a normal subgroup N of G satisfying the follow- 
ing conditions : (i) K{xi, . . . ,Xn)'^ = K'^ {yi, . . . ,yn) where each y^ is of the form 
axl^ X2^ ■ ■ ■ xf^ with a G and Cj G Z (we may take a = 1 if the action is a 
purely quasi-monomial action), (ii) G/N acts on {yi, . . . ,yn) by quasi-monomial 
/c-automorphisms, and (iii) Py : G/N — > GLn{1i) is an injective group homomorphism. 

Here is an easy application of Proposition 11.121 

Proposition 1.13 (1) LetG be a finite group acting onK{x) by purely quasi-monomial 
k- automorphisms. Then K{x)'^ is k-rational. 

(2) Let G be a finite group acting on K{x) by quasi-monomial k- automorphisms. 
Then K{x)^ is k-rational except for the following case : There is a normal subgroup 

of G such that (i) G/N = {a) ~ G2, (ii) K{x)^ = k{a){y) with a"^ = a e K"" , 
(7{a) = —a (if char/c 7^ 2), and + a = a G A', a{a) = a + 1 (if charfc = 2), (iii) 
a ■ y = b/y for some b & k^ . 

For the exceptional case, K(x)^ = k(a){y)'^^^ is A;-rational if and only if the norm 
residue 2-symbol (a, b)k = (if char k ^ 2), and [a, b)k = (if char k = 2). 

Moreover, if K{x)'-^ is not A;-rational, then k is an infinite field, the Brauer group 
Br(/c) is non-trivial, and K{x)'-' is not A;-unirational. 
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For the definition of tfie norm residue 2-symbols (a, b)k and [a, b)k, see |Dr[ Cliapter 

11]. 

Tlie first main result of tliis paper is tlie following. 

Theorem 1.14 Let G be a finite group acting on K{x,y) by purely quasi-monomial 
k- automorphisms. Define N = {a & G : cr(x) = x, a{y) = y}, H = {a E G : (j{a) = a 
for all a G K}. Then K[x,y)^ is rational over k except possibly for the following 
situation : (1) char A; ^ 2 and (2) {G/N,HN/N) ~ {C^^Ci) or (A.Cs). 

More precisely, in the exceptional situation we may choose u,v E k{x,y) satisfying 
that k{x,y) = k{u,v) (and therefore K{x,y) = K{u,v)) such that 

(i) when {G/N,HN/N) ~ (^4,^2), = k{^) for some a G k\k'^, G/N = {a) ~ 
C4, then cr acts on K^{u, f ) by cr : y/a ^ — ^/a, u ^, v — or 

(ii) when {G/N,HN/N) ~ (D4,C2), = k{y/a,\/b) is a biquadratic extension 
of k with a,b E k\k'^, G/N = (cr, r) D4, then cr and r act on K^{u,v) by 
cr : y/a h-)- —y/a, y/b t-> y/b, M h-)- i, ti h-)- — i, r : y/a 1— i- y/a, Vb 1— !■ —y/b, u ^ u, 
V I—)- —V. 

For Case (i), /^(x, y)^ is /c-rational if and only if the norm residue 2-symbol (a, — 1)^ = 
0. For Case (ii), K{x,y)'-^ is fc-rational if and only if (a, —b)k = 0. 

Moreover, if K{x,y)^ is not /c-rational, then k is an infinite field, the Brauer group 
Br(/c) is non-trivial, and K{x,y)^ is not /c-unirational. 

The following definition gives an equivalent definition of quasi-monomial actions, 
which will be used in our second main result. This definition follows the approach of 
Saltman's definition of twisted multiplicative actions |Sa3| ISa4| IKaSl Definition 2.2]. 

Definition 1.15 Let G be a finite group. A G-lattice M is a finitely generated 1j\G\- 
module which is Z-free as an abelian group, i.e. M = 03^<j<„ 1i-Xi with a Z[G]-module 
structure. Let K/k be a field extension such that G acts on K with = k. Consider 
a short exact sequence of Z[G']-modules ail—)- — )■ Ma — ?■ M — )■ where M is a 
G-lattice and is regarded as a Z[G]-module through the G-action on K. The 1i[G]- 
module structure (written multiplicatively) of may be described as follows : For 
each Xj G M (where 1 < j < n), take a pre-image Uj of Xj. As an abelian group, Mq, 
is the direct product of and {ui, . . . , Un). If cr G G and a ■ Xj = J2i<i<n ^ij^i ^ ^) 
we find that a ■ Uj = Cj{a) ■ Y[i<i<n'^T^ ^ for a unique Cj(cr) G determined by 
the group extension a. 

Using the same idea, once a group extension : 1 — j- — Mq, — )■ M — )■ is given, 
we may define a quasi- monomial action of G on the rational function field K{xi, . . . , x„) 
as follows : If a ■ xj = ^i<j<„ctija;j G M, then define o' ■ xj = Cj{a)Y[i<i<n-^T^ ^ 
K{xi, . . . , Xn) and a ■ a = a{a) for a E K where a{a) is the image of a under a via 
the prescribed action of G on K. This quasi-monomial action is well-defined (see jSa3t 
p. 538] for details). The field K{xi, . . . , x„) with such a G-action will be denoted by 
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Ka{M) to emphasize the role of the extension a; its fixed field is denoted as Ka{M)'^ . 
We will say that G acts on Ka{M) by quasi- monomial fc-automorphisms. 

\i k = then ka{M)'^ is nothing but the fixed field associated to the monomial 
action discussed in Example 11.51 

If the extension a splits, then we may take G Ma satisfying that (t -uj = 

Y[i<i<n'^T^ ■ Hence the associated quasi-monomial action of G on K{xi, . . . ,x„) be- 
comes a purely quasi-monomial action. In this case, we will write Ka{M) and Ka{M)^ 
as K{M) and K{M)'^ respectively (the subscript a is omitted because the extension a 
plays no important role). We will say that G acts on K{M) by purely quasi-monomial 
fc-automorphisms. Again k{M)^ is the fixed field associated to the purely monomial 
action discussed in Example II. 5[ 

Now we arrive at the second main result of this paper. As mentioned in Example 1 1.5 1 
the rationality problem of k[M)^ where M is a G-lattice of Z-rank 4 is still unsolved. 
With the aid of Theorem II. 14[ we are able to show that k{M)^ is fc-rational whenever 
M is a decomposable G-lattice of Z-rank 4. From the list of |BBNWZ] . there are 710 
finite subgroups in GLi{Wi) up to conjugation (i.e. there are 710 lattices of Z-rank 4); 
the total number of decomposable ones is 415. Here is the precise statement of our 
result. 

Theorem 1.16 Let k he a field, G he a finite group, M he a G-lattice with rank^ M = 4 
such thatG acts on k{M) hy purely monomial k- automorphisms. If M is decomposahle, 
i.e. M = Mi©M2 as 'L[G]-modules where 1 < rank^ Mi < 3, then k{M)^ is k -rational. 

We remark that the analogous question of the above theorem for the case of alge- 
braic tori (i.e. G ~ Gal{K/k) and M is a decomposable G-lattice) is not so challenging, 
because the rationality of K{M)^ can be reduced to those of K{Mi)^ and K{M2)^ 
(see Theorem 16. 5p . On the other hand, we may adapt the proof of Theorem 11.141 to 
study the rationality of k{M)^ when rank^ M = 5 and M is some special decomposable 
G-lattice. See Theorem 16.21 

We organize this paper as follows. The proof of Propositions 11.121 and 11.131 is given 
in Section 2. Section 3 contains a list of all finite subgroups of GL2(Z) and three 
rationality results which will be used in Section 4. Lemma 1374] is of interests itself. The 
proof of Theorem 11.141 is given in Section 4. Section 5 contains the proof of Theorem 
11.161 Section 6 is devoted to a 5-dimensional rationality problem. 

Standing notations. Throughout this paper, G is always a finite group. K{xi, . . ., 
Xn) denotes the rational function field of n variables over a field K; when n = 1, we 
will write K{x)] when n = 2, we will write K{x,y). For a field K, denote the set 
of all non-zero elements of K. As notations of groups, G„ is the cyclic group of order 
n, Dn is the dihedral group of order 2n, Sn is the symmetric group of degree n, V4 is 
the Klein four group, i.e. V4 ~ G2 x G2. 

Recall the definition of (purely) quasi- monomial actions in Definition 11.11 and Def- 
inition [LTSl In particular, whenever we say that G acts on K{xi, . . . ,x„) (or Ka{M)) 
by quasi-monomial fc-automorphisms, it is understood that the group G and the field 
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extension K/k together with the G-action on K satisfy the assumptions in Definitions 
11.11 and 11.151 The definition of (purely) monomial actions is recalled in Example 11.51 
and Definition 11.151 The reader should also keep in mind the group homomorphism 
p^:G^ GLnCZ) in Definition [Hm 



2. Proof of Proposition 11.121 and Proposition 11.13 



Proof of Proposition 

Let G act on K{xi, . . . by quasi-monomial fc-automorphisms. 

Without loss of generality, we may assume that G C Autk{K{xi, . . . ,Xn))- In 
particular, G acts faithfully on K{xi, . . . ,Xn)- Consider the group homomorphism 
p^:G^ GLnifl) in Definition [Till 

Step 1. Define = Ker(p^) = {a e G : ^ e K"" ioi I < j <n}. 
Define Nq = {a E N : a{a) = a for any a G K}. 
If the action is a monomial action, then k = K and A^o = 
Clearly N<G. We will show that A^o < G. 

If 0" G A^O; we may write cr ■ Xj = ajXj for some aj G . For any r G G, 
if T ■ Xj = Cj{T)Y[i<:i<n^T' some Cj(r) G and [aij]i<ij<n G GLnCZ), define 
cr' E Nq hj a' ■ a = a for all a E K and a' ■ Xj = (3jXj with f3j = r^^^Cj^r)^^) ■ 
T^^(r{cj{T)) ■ ni<j<n ''""^('^j)"'''- It is routine to verify r^Vr = a'. Hence Nq<G also. 

Step 2. We will determine K{xi, . . . , 

For any a G A'q, write o' ■ Xj = Cj{a)xj with Cj{a) G . Since A^o is a finite group, 
all the Cj{a) (where a G A^o, 1 < J < ''^) are roots of unity. Hence they generate a 
cyclic group {() where ( is some root of unity. 

Choose generators ai, . . . ,am of A'o, i.e. Aq = (ai, . . . , (Jm)- Define a group homo- 
morphism 



<l>:{x^x^^■■■x^:A, GZ}^(C) 



Define M = Ker(<l>). Since {x^ ■ ■ - x^" : G ~ Z", it follows Ker(<l>) ~ Z". 
Thus M = {y 1^1/2^ ■ ■ ■ '■ Vi ElL] where each yi is of the form x^^Xg^ ■ ■ ■ x,^" for some 
G TL. 

It is not difficult to see that K{x\, . . . , x„)^° = K{yi, . . . , 

Moreover, G/Nq acts on K{yi, . . . ,yn) by quasi- monomial fc-automorphisms. For 
any r G G, we will show that r ■ yi = (3 ■ ^1^1/2^ ■ ■ ■ Vn" for some (3 G , some z/j G 

Since we may write yj = x^^Xa^ ■ ■ ■ x.^", it follows that t ■ yj = P' ■ x^^x^^ ■ ■ ■ Xn" for 
some /3' G , some e[ G It remains to show that x^^x^^ ■ ■ ■ Xn" = ^^2^ ■ ■ ■ y^" for 
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some /ij G G Ker($) = ( . . . , which is equivalent to showing 

(j(x^^X2^ ■ ■ ■ Xn') = xl^ ■ ■ ■ xtr for all a G A^o- 

From T ■ Uj = P'xl^---xtr, if cr G Nq, we get <JT{yj) = cr(/3')(T(x^^ ■ • ■ Xn") = 
f3'a{xl^ ■ ■ ■ x^) because cr{f3') = (3'. On the other hand, <yT{yj) = T{T^^aT){yj) = 

T{T^^aT{yj)) = T ■ yj because T'^ar G Nq. We get ■ ■ ■ Xn") = xl^ ■ ■ ■ x^ for any 

a G Nq. Done. 

Step 3. We will determine the field . . . , x„)^ = {K{xi, . . . , Xn)^'>}^/^'> = 

K{yi, . . . , yn)^^^'^ ■ If -^0 = N , nothing is to be proved and we may proceed to Step 4. 
On the other hand, if the action of G is purely quasi-monomial, then a-Xj = Xj for any 
(7 G N from the definition of the subgroup N. Thus K{xi, . . . , = K^{xi, . . . , 
This confirms that each yi is of the form x^^X2^ ■ ■ ■ xf^ in (i) of the statement of this 
proposition. 

For the remaining part of this step, we assume that A^o 7^ ^• 

For any a & N, since G for 1 < j < n, it follows that G for 
1 < i < n. Write a ■ yi = Ci{a)yi for Cj(cr) G , 1 < i < n. 

Note that q G H^{N/Nq,K^), i.e. for any 0-1,0-2 G N/Nq, ^(0-10-2) = 0-1(^(0-2)) ■ 
Ci(o-i). Since iV/A^o is faithful on K, it follows that H^{N/Nq,K'^) = and therefore 
there is some element G -fT^ such that Cj(o-) = ^^-j for all a G N/Nq. 

Define Zi = aiyi. It follows that K{yi, . . . , y„) = K{zi, . . . , Zn) and a ■ = for 
all a G A^/A^o, for all 1 < i < n. Hence K{yi, . . . , = K^^^^izi, . . . , Zn) = 

K''izu...,Zn). 

In summary, if A^ 7^ {1}, we have reduced the group from G to G/N and G/N acts 
on K'^{zi, . . . , Zn) by quasi-monomial fc-automorphisms. 

Step 4. Consider : G/A^ — )■ GLn{^). If Ker(p2) is non-trivial, we continue the 
above process and reduce the group from G/N to G/Ni where NC.Ni. Hence the 
result. □ 

Proof of Proposition \1.13[ 

(1) Suppose that G acts on K{x) by purely quasi-monomial fc-automorphisms. 
For any o^gG, o--x = x or-. 

If a ■ a; = a; for all a E G, then K{x)'^ = K'^{x) = k{x) is fc-rational. 
From now on, we consider the case that a ■ x = - for some a C G. 
Define N = {t e G : r ■ x = x}. Then G = A^ U aA^. 

It follows that K{x)^ = K^{x) and [K^ : k] < 2. If = k, then K{x)^ = 

= {K^ix)}^"^ = kix)^"^ = k{x + i) is fc-rational. 
It remains to consider the case K'^ = k{a) is a quadratic separable extension. 

Case 1. charfc 7^ 2, we may assume that a = a/o for some a C k^ . Hence 
a-a = —a. Define y = j^. Then a-y = —y. It follows that k(a){x)^'^^ = k(a){y)^'^^ = 
k{a){ay)^'^^ = k{ay) is A;-rational. 
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Case 2. char = 2, we may assume that a^ + a = h & k. Hence a -a = a + Define 
y = j^. Then cr-y = y + 1. It follows that = k{a){yY"^ = k^aY'^^y + a) = 

k{y + a) is fc-rational. 

(2) Suppose that G acts on K{x) by quasi-monomial fc-automorphisms. 

Apply Proposition 11.121 Find a normal subgroup N of G such that (i) K{x)^ = 
K^{y) where y = ax^ for some a G and some m G (ii) Py : G/N — )■ GLi{'L) = 
{±1} is injective, and (iii) G/N acts on K^{y) by quasi-monomial fc-automorphisms. 

The only non-trivial case is the situation G/N = (a) ~ G2 and a acts non-trivially 
on K'^ . In this case, we may write = k(a) and cr ■ y = ^ for some b G k{a)^ . 

Since = 1 and a ■ y = -, it follows that b E k^ . 

Consider the 1-cocycle (3 G H\G/N, PGL2{k{a))) defined by 

m = (J °) , /3M = (J 0) G PGL2(A:(«)). 

The Brauer-field Fi^^iP) defined in Example 11.101 is nothing but k(a){y)^"K 

Note that Fi^fc(/3) is fc-rational if and only if the cyclic algebra A{/3) associated to 

/3 is isomorphic to the matrix algebra M2{k) [Bel page 160]. 

Let 7 be the image of /3 in H\G /N, PGL2{k{a))) H^{G/N,k{aY). It is not 

difficult to verify that 7 is the normalized 2-cocycle with 7(0", a) = b. It follows that 

the cyclic algebra A{P) can be defined as 

A{l3) = k{a) © k{a) ■ u 

with the relations = b and u ■ t = a{t) ■ u ioi any t G k{a). 

When charfc 7^ 2, we may choose a such that a = -y/a for some a G k^ . Hence 
a{a) = —a and A{f3) is just the quaternion algebra [a, b]k. 

When char A; = 2, we may choose a such that + a = a G /c. Hence a{a) = a + 1 
and is the quaternion algebra [a, 6)^. 

It follows that A{I3) ~ M2{k) if and only if the associated norm residue 2-symbol 
{a,b)k = (if char A; 7^ 2), and [a, = (if char A; = 2). 

Finally suppose that the Brauer-field k{a){y)^'^^ is not fc-rational. By the above 
proof, some norm residue 2-symbol is not zero. Let A be the quaternion /c-algebra 
corresponding to this norm residue symbol. It follows that the similarity class of A in 
Br{k) is not zero where Br{k) is the Brauer group of the field k. Hence k is an infinite 
field because Br{k') = for any finite field k' by Wedderburn's Theorem [Drt page 73]. 

For the other assertion, since the Brauer-field k{a){y)^'^^ is not fc-rational, it is not 
/c-unirational by [Sil page 160] (also see Example ll.lOp . □ 
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•3. Finite subgroups of GL2(Z) 



By |BBNWZ| IGAPj . there are exactly 13 finite subgroups contained in GL2{Tj) up 
to conjugation. We list these groups as follows. 



Theorem 3.1 


Type A. 


Cyclic groups 












C 






= (-/), 




:= (A), 




= {r), 


C 


3:=( 






= H, 




C, := (p), 






where 




















I = 


"1 0" 
1 


, A = 


"1 " 

-1 




'0 1" 
1 




'0 -1" 
1 


> P = 


'1 -1 
1 



Type B. Non-cyclic groups : 

Vt^ ■■= (A, -/), VP := {r, -I), Si'^ := (p^ r), Si'^ := (p^ -r), 
D^:={a,T), Dq:={p,t). 

Note that A^ = = J, a'^ = = —I, and rcr = A. 



Lemma 3.2 ( [HK2[ Lemma 2.7]) Let k be a field and —I G GL2(Z) aci on k{x,y) by 
a k- automorphism defined as 

-I : X ^ V -, a,b e k"". 
Then k{x,y)^~^'^ = k{u,v) where 



X — 



u 



y-- 

a y 



xy - 



ah ' 

xy 



xy - 



ab ' 
xy 



Lemma 3.3 Let k be a field and —I G GL2{Tj) act on k{x,y) by a k- automorphism 
defined as 

—I : X -u I— i- -. 

X ' ^ y 

Then k(x,y)^~^^ = k(s,t) where 

xy + 1 



(3.1 



X + y 



^/charfc^2, 

x—y ^ ' 

. y{x^ + l) 



4 if char k = 2. 



Proof. When charfc 7^ 2, see [HHR[ page 1176; [HKYl Lemma 3.4]. When char A; 
2, s, t, X and y satisfy the relations 

(,2^1)(t+l) gy + l 

y H y + l=0, x = — ■ — . 

s s + y 



Hence the result. 



□ 
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Lemma 3.4 Let k be a field and Dq = {p,t) act on k{x,y) by purely monomial k- 
automorphisms defined as 



p : x I— )■ xy, ?/(-)■-, r : X (-> y h-> 



Then k{x,y)^P^^ = k{S,T) where 

^ x'^y + xy"^ — Sxy + 1 
x^y^ — ?>xy + X + y ' 

T 



(3.2) f (xy+y+l)(x^y'^-x'^y+x'^-xy-x+l) if c\isj: k ^ ?> 

{xy+x+l)(x'^y'^ — 'ixy+x+y) ■' ' ' 



x{x^y^-\-y'^-\-\) 



«/ char k = ?). 
Moreover, Dq/{p^) = {p,t) acts on k{S,T) by 



( S+^-l ( 5(5+1-1) , UUQ 

^, if char k = 3. 

Proof. Case 1. char/c ^ 2,3. 

Define z := 1/xy. The fc-automorphism acts on k{x,y) = k{x,y,z) by p^ : x H- 
y ^ z ^ X and the fixed field under the action of p^ is given by 

(3.3) k{x, y, z^p'^ = k{A, B, C, D) = k{A, B, D) 

where 

^ x'^y + xy"^ + 1 ^ x^y^ + X + y 

A = x + y + z = , B = xy + yz + zx = , 

xy xy 

(x - y){xy'^ - l)ix'^y - 1) 



C = xyz = 1, D = {x — y){y — z){x — z) 



Define Aq = A/3, Bq = B/3, Dq = D/9. Then the generators Aq, Bq and Dq of 
k{x, y, ^ = A;(v4o, -Bo, -Do) satisfy the relation 

(3.4) 3Dl = -AAl + 3AlBl + QA^Bq - AB^ - 1. 

Find the singularities of (13^ . We get Ao - 1 = 5o - 1 = Do = 0. Put Ai = Ao - 1, 
Si = i?o — 1. Then the equation (13. 4p becomes 

3Dg = + 3AlBl + GA^fii - QAl + GAi^^ + 18Ai5i - ABl - 9Bl 

with a singular point at the origin P = {Dq = Ai = Bi = 0). Blowing up at the point 
P by defining A2 = Ai/Bi, Di = Dq/Bi, we have 

(3.5) 3Dl = -AAlBi + 3AIbI + QAlBi - 9Al + 6^2^! + I8A2 - ABi - 9. 
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This equation fl3.5p also has singularities A2 — Bi — 2 = Bf + 3Bi + 3 = Di = 0. 
Blowing up by defining A3 = -^f^^^, D2 = ^e get 

(3.6) 3Dl = -4:AlBf-12AlBl-12AlBi-9AlBl-18AlBi-9Al-6A3Bi-6A3-l. 
Define B2 = B1A3. Then we get k{A3, Bi, D2) = k{A3, B2, D2) with the relation 

(3.7) 3Dj = -I2AIB2 - 9Al - I2A3BI - 18^3^2 - 6A3 - ABl - 9B^ - 6B2 - 1. 

The equation (13. 7p still has a singular point P = {A3 = B2 + I = D2 = 0) ■ Blowing 
up again by defining A4 = B3 = B2 + 1, D3 = we have k{A3, B2, D2) = 

fc(A4, B3, D3) and 

(3.8) 3Dl = -12A\B3 + 3Al - 12^4^3 + 6A4 - AB3 + 3. 

Hence we obtain k{x,y, z)^^^^ = k{A4, B3, D3) = k{A4,D3) because the equation (13. 8p 
is linear in B3. 

The action of = {p, r) on k{A4^, D3) is given by 

p . /\4^ 3Al+2A4-3D?,-l^ ^3 ^ 3^1+2^4-31)2-1' 

T : A^^ A4, D3 —D3. 



Define As = ^4 + i. Then the actions of p and r on k{A^, D3) are 

. 2(3Ai+2A5+3g§) ^ 4(3^5-1)^3 

P ■ "^5^ 9(A^_B|)-4 ' ^3 9(A^-Z)g)-4' 

r : As t-^ As, £'3 ^ -^3- 
Put Aq = 3(A5 + D3), = 3(As - D3). Then we have ^(As, D3) = k{A(i, D4) and 

. 2(2A6+D|) ^ 2(Ai+2D4) ^ . A ^ r) D ^ A 

We put 



2(A6 + /^4-2)' 2(A6 + Z^4-2)' 

Then we get fc(A6,-D4) = k{S,T) and 

With the aid of computers, it is not difficult to express S and T in terms of x and y as 
in the statement of this lemma. 

Case 2. char k = 2. 
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The transcendental basis S, T obtained in (13. 9p of Case 1 is also valid in case 
char/c = 2. In fact, the formulae of S and T in fl3.2p . when charfc = 2, become 

^ x^y + xy'^ + xy + 1 ^ {xy + y + 1) (x^y^ + x'^y + x"^ + xy + x + 1) 
x'^y'^ + xy + X + y ' {xy + x + 1) (x^y^ + xy + x + y) 

Both of them are fixed by p^. Moreover, they satisfy the following relations 

o S^T + + S + + 1 2 S"^ + + ST^ + S + T ^ ^ 

V -\ V -\ V + 1 = 

^ S^ + ST^ + ST + T^ + r S^ + ST^ + ST + T^ + r 

{T + l)y + S + T 

X — 



{S + T+ l)y^ +{S + l)y + S + T+l 

From k{S,T) C k{x,y)^P^^ C k{x,y) and [k{x,y) : k{S,T)] < 3, we find that k{S,T) = 
k{x,yYp'l 

Case 3. char k = 3. 

The basis 5, T in (13.91) is well defined also for the case of char k = 3, but they 
collapse because 5* + 2T + 1 = 0. We will find another transcendental basis S, T. 

By ([33D, we obtain k{x,y)^P^'^ = k{A,B,D) and D'^ = -A^ + A^B^ - B\ Put 
^2 = ^,^2 = ^. Then we get k{A, B, D) = k^A^, B, D^) and 

B{A^ + l){AlDl - ^2 - ^2 + 1) + 1 = 0. 

Hence k{x,y)^P^^ = k{A2,D2). The actions of p and r on k{A2,D2) are given by 

p : ^2 H- -A2, D2 ^ -D2, r : A2 f-4 A2, D2 ^ -D2. 

Define S = T = Then we get k{A2, D2) = k{S, T) and 

We may also express S and T in terms of x and y as in the statement of this lemma. 
Done. □ 



14. Proof of Theorem 1.14 



Throughout this section, we adopt the following convention : If K/k is a quadratic 
separable extension, we will write K = k{a) with a = —a (resp. a + 1) if char/c 7^ 
2 (resp. char/c = 2) where a is the image of a under the unique non-trivial k- 
automorphism of K. In order to shorten the wording, we simply say that K/k is 
a quadratic separable extension and K = k{a) with a suitably chosen. 
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Lemma 4.1 Let k be afield, f{x) e k[x], and K/k a separable quadratic field extension 
with K = k{a) where = a e /c (if charfc 7^ 2) and + a = a G A; (if char/c = 2). 
Write Gal{K/k) = {a). Extend the action of a to K{x,y) by 

Denote by BT{K/k) the subgroup consisting of those elements in the Brauer group 
Br(/c), which are spht over K; denote by (a, b)k the norm residue 2-symbol over k, and 
by [a, b)k the norm residue 2-symbol over k where the first variable is additive and the 
second variable is multiplicative. 

(1) When f{x) = 6, K(x,y)^'^^ is rational over k if and only if (i) {a,b)k = when 
char 7^ 2, or (ii) [a, b)k = when char k = 2. 

(2) When deg/(x) = 1, K[x,yY"'' is always rational over k. 

(3) When char A; ^ 2 and f{x) = b{x^ — c) for some 6, c G A;\{0}, then K{x,y)^'^'^ is 
rational over k if and only if {a,b)k G Br(A;(y^)//c). 

(4) When char/c = 2 and f{x) = 6(x^ + x + c) for some b,c & k with 6 7^ 0, then 
K(x, y)^"''^ is rational over k if and only if [a, b)^ G Br(A;(/3)/A;) where + = a + c. 

(5) When charfc = 2 and /(x) = b(x'^ + c) for some 6, c G /c\{0}, then K(x,y)^'^^ is 
rational over A; if and only if [a, b)k G Br(A;(v^)/A;). 

Moreover, if K{x,y)^'^'^ is not /c-rational, then is an infinite field, the Brauer group 
Br(fc) is non-trivial, and K{x,y)^'^'^ is not fc-unirational. 

Proof. Except for the last statement, the theorem was proved in |HKOl Theorem 
6.7]; also see jifal Theorem 2.4; [Ka8l Theorem 4.2]. 

Now we will prove the last statement. The field k is infinite because some norm 
residue 2-symbol is not zero and the proof to proving k is infinite in the proof of 
Proposition 11.131 is valid at the present situation. It remains to show that K{x, ?/)^°^^ is 
not fc-unirational. 

As an illustration, consider (4) where char /c = 2 and f{x) = 6(x^ + x + c). It is 
easy to show that K{x,y)^'^'^ is fc-isomorphic to the function field of the hypersurface 
{P{X, F, U)=X^-XY- aY^ - b{U^ -U-c) = 0}m the 3-dimensional affine space 
over k where X, Y, U are the coordinates (see, for example, [HKOt Theorem, page 402]). 
By |HKOl Theorem 2.2], this function field is fc-rational if and only if it is /c-unirational 
(note that fc-unirational is called subrational over k in |HKOl page 386]). This finishes 
the proof. 

Similarly, the field K{x,y)^'^^ in (5) corresponds to the hypersurface defined by 
{P(X, F, U) = X^-XY - aY^ - b{U^ - c) = 0}; the field in (3) corresponds to the 
hypersurface defined by {P{X,Y,U) = X^ - aY^ - b{U^ - c) = 0}; the field in (1) 
corresponds to the hypersurface defined by {P{X, Y, U) = — aY^ — 6 = 0} (resp. 
{P{X, Y, U) = X^ - XY -aY^ -b = 0}. Apply [HKHI Theorem 2.2] to these fields. 
Hence the result. □ 
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Example 4.2 Take k = Q, a = —1, f{x) = — (x^ + !)• By Lemma I^TTl we find that 
(Q(-\/— l)(x, y)^'^'^ is not Q-unirational. By defining 2u = y + and 2v = {y — 

^^), we obtain Q(v^^)(x, y)^'^^ = Q(a;, with the relation + t>^ = — — 1. 
Note that the field <Q{x,u,v) has no Q-rational place (i.e. Q-rational point). 

On the other hand, take k = R, a = -1, f{x) = - 3x. Then R(a/^)(x, yY""^ ~ 
Wl{x, u, v) with the relation u^+v"^ = x^ — 3x. We claim that R(x, u, v) is R-unirational, 
but not R-rational. For the R-unirationality, the map (f) : R[U, V, X]/{U'^ + V'^-X^ + 
3X) ^ R{s,t) defined by 0(f/) = ^(3+^^)(i-f )-2v/2. ^ ^^^^ ^ 2st(3W)+V-2ii-t-) ^ ^(^) ^ 

2 + gives an embedding of ]R(x,u,v) into ]R(s,t) [Oj| page 9]. The irrationality of 
R(x,M,f) follows from Iskovskikh's criterion (see, for example, |Ka3t Theorem 4.3]); 
the reader may consult Oj, pages 10-12; pages 81-83] for other proofs. The example 
of a real algebraic surface which is unirational, but not rational is constructed by B. 
Segre in 1951 [Dj[ page iv]. 

Nagata asks the following question |Nat page 90] : Let k be an algebraically closed 
field, /i, /2, /s be non-zero polynomials in the polynomial ring k[xi, . . . ,Xn], L he the 
field k{xi, . . . ,Xn,u,v) satisfying the relation fiu^ + /2f^ = /s. Is it possible to find 
such a field L which is not A;-unirational? So far as we know, this question is still an 
open problem. 



Proof of Theorem \1.14\ 

Let G act on K{x, y) by purely quasi- monomial fc-automorphisms and A^, H the 
subgroups of G defined in the statement of Theorem 11.141 

Note that K{x,y)^ = {K{x,y)^}'^^^ and G/N acts on K^{x,y) by purely mono- 
mial A;- automorphisms. Without loss of generality, we may assume N = {1}. Thus 
p : G ^ GL2{T?j is injective where p is the group homomorphism defined in Definition 
11.111 In particular, G is isomorphic to a finite subgroup of GL2{'Z) and we may apply 
Theorem 13.11 to write down the action of G on a; and y. 

If H = {1}, i.e. G acts faithfully on K, then K{x, y)^ is fc-rational by Theorem 11.31 

U H = G, i.e. k = K, then G acts on k{x, y) by purely monomial fc-automorphisms. 
Thus k{x,y)^ is fc-rational by Theorem 11.61 

It remains to consider the case {1} C if C G and H <G. 

Since p : G ^ GL2{1i) is injective, p{H) is a non-trivial proper normal subgroup of 
p{G). From Theorem 13. H it is easy to see that only 8 groups have a non-trivial proper 
normal subgroup: V^''"^'', C4^, S^^\ Cg, -D4 and Dq. 

Case 1. G^ V^^^ = (A, -J). 

The non-trivial proper normal subgroups H of G are (— /), (A), and (—A) 

Subcase 1.1. {G,H) ~ {v}^\ (-/)). Thus A acts faithfully on K and [K 
Write K = k{a) with A (a) = a where a is chosen suitably. The group G = 
acts on K{x, y) by 

—I : a a, X I— )■ -, ?/ -, A : a a, x 1— )■ x, y 1— )■ -. 
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By Lemma [3.31 we have K{x,y)^ = K{s,t) where s and t are given as in (13. ip . and A 
acts on K{s, t) by 



' s ' 

Hence 



J if char k ^ 2, 
t if char k = 2. 



k{aj^,a'j^) if char A; 7^ 2, 
A;(q: + t) if char k = 2, 



K{x,yf = K{s,tf^ : 
is /c-rational. 

Subcase 1.2. (G, i/) ~ (A)). Again [K : k] = 2 and write K = k{a) with a 

suitably chosen. The group G acts on K{x, y) by 

A : a I— !■ a, x x, ?/ ^-> ^, — / : a a, x i— )■ ^, ?/ ^. 
We have i^(x, y)^ = K{u, v) where u = x and v = y + ^, and — / acts on K{u, v) 

by 

— / : a (-)■ a, m h-> - ti t-> 

Hence 

ifcharfc^2, 



k(a + f ) if char k = 2 



is /c-rational. 

Subcase 1.3. {G,H) ~ {vi^\ (-A)). 
The group G acts on /^(x, by 

—A : a ^ a, x t-)- — , y ^ y, —I : a ^ d, xi— j-^, V ^ ^ 

where [K : k] = 2 and K = k{a) with a chosen suitably. This is essentially the same 
situation as in Subcase 1.2. 

Case 2. G ~ ^ = (r,-/). 

The non-trivial proper normal subgroups H of G are (— /), (t) and (— r). 

Subcase 2.1. {G,H) ~ (V^^^^ (-/)). We have [K : k] = 2 and K = k{a) with a 
chosen suitably. 

The proof is similar by using Lemma 13.21 The details are omitted. 

Subcase 2.2. {G,H) ~ {v}'^\ (r)). Write K = k{a) with a suitably chosen. The 
group G acts on K{x, y) by 

r : a H-T- a, x y, y i— )■ x, — / : a i— )■ a, x ^, y ^ K 
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We have K{x, y)^^^ = K{u, v) where u := x + y and v := {x + y)/xy, and — / acts on 
K{u, v) by 

— / : a I— )■ a, u v, v ^ u. 

Hence 

k{u + V , a{u — v)) if char /c 7^ 2, 



kiu + v,a ^ — ^) if char k = 2 



is /c-rational. 

('2) 

Subcase 2.3. {G,H) = {V^: , (— r)). The group G acts on K{x,y) by 
— r : a I— )■ a, x 1— )■ -, ?/(-)■-, — / xi— )■-, ?/(-;■- 
where [i^ : A;] = 2 and K = k{a) with a chosen suitably. Define y' = 1/y. We have 
— r : a i-^ a, x ^ y\ y' x, —I : a a, x 1— )■ ^, y ^ ^ 
This is the same action as in Subcase 2.2. Done. 

Case 3. G ~ C4 = (a). 

The non-trivial proper normal subgroup of G is (— /). The action is given by 

-/ = cr^ : a f-> a, X ?/ ^ i, a : a a, x ^ y, y ^ \ 

where [K : k] = 2 and K = k{a) with a chosen suitably. By Lemma 13.31 we have 
K{x,y)^ = K{s,t) where s and t are given as in (13. ip . and cr acts on K{s,t) by 



_ 1 , - 7 if char k ^ 2 

cr:ai— )■«, SH- )■-, ^^-)■<-|^ 



if char k = 2. 



If charfc = 2 then K{x,y)^ = K(s,tY'^'^ is /c-rational by Theorem 11.31 
When char k ^ 2, apply Lemma STTJ By defining a = a"^ & k and x = afzj, we find 
that K{x,y)'^ is fc-rational if and only if (a, — 1)^ = 0. If K{x,y)'^ is not fc-rational, it 
is not fc-unirational by the last assertion of Lemma 14.11 This finishes the proof of the 
first exceptional case in Theorem II. 14[ 

Case 4. G~ = (p^r). 

The non-trivial proper normal subgroup of G is (p^). We consider the following 
actions: 

: a I— !■ a, X I— i- y I— )■ r : a i-)- a, x y 1— )■ x 

where [K : k] = 2 and K = k{a) with a chosen suitably. We have K{x, y)^^^^ = -^'(5', T) 
where S and T are defined in Lemma [3.41 and the action of r on -^"(5", T) is given by 

r:a^a, T^<!^^^^ ifcharA;7^3, 



4; if char k = 3. 
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Hence K{x,y)^ = K{S,T)^'^'^ is fc-rational by Lemma [4.11 
Case 5. G ~ ^ = (p^-r). 

The non-trivial proper normal subgroup iV of G is (p^). We consider the following 
actions: 



where K = k{a) and [K : k] = 2 with a suitably chosen. We have K{x, y)^''^^ = K{S, T) 
where S and T are defined in Lemma [3.41 and the action of — r on K[S, T) is given by 



K{x,y)^ = K{S,TY is /c-rational by Theorem 11.31 
Case 6. G - Cq = (p). 

The non-trivial proper normal subgroups N of G are (— /) and (p^). 
Subcase 6.1. {G,H) ~ (Ce, {—!))■ The group G acts on K{x,y) by 

— / : a a, X ^, y ^ ^, p : a ^ a, x ^ xy, y ^ ^ 

where K = k(a) and [K : k] = 3 with a as before. By Lemma [3l3l we get K{x, y)^^^^ = 
K{s,t) where s and t are given as in (13. ip . and p acts on K{s,t) by 



p^ : a a, x ^ y, y ^-^ — r laH-a, xi— 1/^-^^ 





Define 



-2t 



s + t - 2s)f: 



if char k ^ 2; 



A 



s-t + 2st' 
s{t + l), 



B 



A 



2t 

t 



if char k = 2. 



B 



sit + iy 



Then K{x,yY~^^ = K{s,t) = K{A,B) and p acts on K{A,B) by 



K{x,y)'~^ = K{A,B)^P^ is fc-rational by Theorem 11.31 



Subcase 6.2. {G,H) ~ (Cg, (p^))- The group G acts on K{x,y) by 
p^iaH-a, XI— !■?/, yH-— , pitti-J-a, xi-)- xy, y - 
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where K = k{a) and [K : k] = 2 with a as before. We have K{x,yYp'^ = K{S,T) 
where 5* and T are defined in Lemma [3.41 and p acts on K{S,T) by 

^- Q^i T.^ J^^ + ^-l)/^ if charts, 
I ^ if char = 3. 

When char A; = 3, K(x, y)'^ = k{a^^, a^ZY) is rational over k. 
When char k = 2, define 

O rp 

U:=- - + V:-- 



S+1 ' S+1 
Then K{S, T) = K{U, V) and p acts on K{U, V) by 

p:a^a + l, U ^ U, uHu+a+i 

where a = a{a + 1). By Lemma [4.11 (4), K{x,y)^ = K(U, V)^^^ is fc-rational because 
[a,l)k = 0. 

When char k ^ 2, 3, define 

t/:=|^, V:={U-\)T. 

Then K{S, T) = K{U, V) and p acts on K{U, V) by 

p:a^-a, U ^ -U, V ^ -{U^ + K)/V. 

Define W := U/a. We find that 

p:a^-a, W ^ W, T h> -{aW^ + 3)/T. 

Apply Lemma 14.1 1 (3). We obtain K(x,y)'^ = K{W,T)^^^ is fc-rational because 
(a, -a)k = 0. 

Case 7. G ~ ^4 = (fT,r). 

The non-trivial proper normal subgroups of G are (— /), (— /, A), (— /, r) and (a) 
where A = rcr. 

Subcase 7.1. (G, iJ) = (A, (-/)). 

Since G/H = (cr, r) ~ V4 acts faithfully on i^', we may write K = k{a, /3) with a, 
P suitably chosen and [K : k] = 4. 
The group G acts on K{x, y) by 

-/ : a t-> a, /3 h-> /3, x v-^ \, y ^ I' a -.av-^a, /3 t-> /3, x f-> y, y ^ \, 
r : a H- a, /3 1— )■ /3, x y-^ y^ y x. 
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By Lemma [3.31 we have K{x, y)^ = K(s, t) where s and t are given as in (13.11) . and 
the actions of a and r on K{s, t) are given by 

- n n 1 f-7 if charfc 7^ 2, 

cr:at-)-a, pi-J-p, t t-^ < , * 

' ^ if charfc = 2, 



r:ai— sh- )-s, tH-).<( 

' 1 if char A; = 2 



t if char k ^ 2 

t 



When charfc = 2, K(x,y)^ = K{s,t)^"''^^ is fc-rational by Theorem 11.31 
When char k ^ 2, we put 

s — 1 

then K{s,t)^'^'^ = k{a){S,T) and a acts on /;;(«) (SjT) by 

a:a^a, 13^13, S ^ S, T ^ ^. 

By Lemma H?T] (1). K{x, y)'^ = k{a){S, T)^"'^ is /^-rational if and only if (a, — = 0. 
If K{x, y)^ is not A;-rational, it is not fc-unirational by the last assertion of Lemma W7[\ 
This completes the proof of the second exceptional case in Theorem 11.141 

Subcase 7.2. (G, H) ~ (D4, (-/, A)), = (-/, A). 
The group G acts on K{x, y) by 

—I : a I-)- a, X I— > ^, ?/ ^, A : a; 1— )■ a, x x, y ^, 
r:ai— j-a, x y, y ^ x 

where K = k{a) and [K : k] = 2. By Lemma [3.3^ K{x,y)^~^^ = K{s,t) where s and t 
are given as in (13. ip . and A and r act on K{s, t) by 



A:ai— si— j--, t \^ 



riaH-a, si— J-s, ti— t- 



i ifcharA;^2, 
t if char k = 2, 

—t if char k ^ 2, 
I if char k = 2. 



When char/c = 2, the action is the same as that in Subcase 1.3. Hence the result. 
When char A; 7^ 2, by Lemma 13.31 again, we have K{s,t)^^^ = K{u,v) where u = 
{st + l)/(s + t) and v = (st — l)/(s — t), and r acts on K{u,v) by 

r : a I-)- —a, u 1— )■ —v, v 1— t- —u. 

Thus K{x, y)'^ = K{u, f )^'^^ = k{a{u + v),u — v) is fc-rational. 
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Subcase 7.3. {G,H) ^ (1^4, (— /, A)). The group G acts on K{x,y) by 

— / : a I— )■ a, X (-)■ ^, ?/ I— J- ^, r : a (-)■ a, x h-> y t-> x, 
(T:Q^^-^■a, X y, y ^ ^ 

where K = k{a) and [7^ : fc] = 2. By Lemma [3.31 K{x,y)^^^^ = K{s,t) where s and t 
are given as in (13. ip . and r and cr act on K{s,t) by 



— t if char k ^ 2, 
J if char k = 2, 

_ -, 1 — J if char A; ^ 2, 

cr:ai— si—)--, t ^-^ < , * 

[i if char A; = 2. 

When charfc = 2, the action is the same as in Subcase 1.2. Done. 
When char A; ^ 2, K{s,tY^^ = K{s,t') where t' = t^. It follows that K{s,t)^^'''^ = 
/c(s,t')^'^^ is fc-rational. 

Subcase 7.4. {G,H) ~ (1^4, (a)). The group G acts on K{x,y) by 

— / : a I— J- a, X I-)- ^, ?/ H-;- ^, o" : a i-> a, x i-> y, ?/ h-> i, 
r:ai— x y, y x 

where K = k(a) and [K : k] = 2. By Lemma [3.3[ K(x,y)^^^^ = K(s,t) where s and t 
are given as in fl3.ip . and r and a act on t) by 

1 1 — 7 if char k 2, 

a : a i-^ a, st->-, tH-K-, 

[i if char A; = 2, 

{—t if char k 2, 
i if char A; = 2. 

When char A; = 2, this is the same action as in Subcase 1.1. Hence k{x,y)^ is 
A;-rational. 

When char A; 7^ 2, by Lemma [321 = K {u, v) where 

u = V, V — 



^t + ji' st + j-^ 

and r acts on K{u, v) by 

r : a I— )■ a, mi—)- — m, u h- w . 
Thus K{x,y)'^ = K{u,vY'^'^ = k{au,v) is A;-rational. 
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Case 8. G ~ = (p,^)- 

The non-trivial proper normal subgroups N of G are (— /), (p^), (p), (p^,t) and 



where K = k{a,(3), [K : k] = 6 and (p, t) acts on K faithfully. Hence K{x,y)^ = 
K{A, B)^'''^'^ is fc-rational by Theorem 11.31 

Subcase 8.2. {G,H) ~ (Dg, (p^))- 
The group G acts on K{x, y) by 

r:ai— )■«, x y, y ^ x 

where i^' = k{a,(3) and [i^ : fc] = 4. We have K{x,yY^'^^ = K{S,T) where S and T 
are defined in Lemma [3.41 and — r and r act on K{S,T) by 



When charfc = 3, K{x,y)^ = K(S,T)^ "^'^^ is fc-rational by Theorem 11.31 
When char k = 2, K{x, y)^~'^'^ = K{U, V) where 



and r acts on K{U, V) by 



where a = a{a + 1). By Lemma I4T] (4), K(x,y)'^ = K{U, V)^^^ is /c-rational. 
When char k ^ 2,3, define 




p: a a, A\-^ B, B ^ t : 13 ^ 13, ^ ^ \ 




U^+U+a+l 
V 



U 



S+1 
S-1 



V ■.= {U- 1)T. 



Then — r acts on K{S, T) 



K{U,V) by 



-T-.a^-a, (3^/3, U ^ -U, -V. 
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Define P = V/a and Q = U/a. It follows that K{U,VY-^^ = k{/3){P,Q) and r 
acts on k{l3){P,Q) by 

Thus K{x,y)^ = k{l3){P,QY^^ is A;-rational by Lemma O (3). 

Subcase 8.3. {G,H) ~ {De, (p)). 
The group G acts on K{x, y) by 

— / :a;^-)■a, XH-).i, ?/h-).i, p : a ^-^ a, x xy, ?/ i— )■ ^, 
r:a;^-)■a, x ^ y, y ^ x 

where i^' = k{a) and [i^ : /c] = 2. By the same calculation as in Subcase 6.1, we have 
K{x,y)^~^^ = K{A,B) where A and B are the same given there in Subcase 6.1, and p 
and r act on K{A, B) by 

p : a a, A\-^ B, B ^ t : a^a, A^ B ^ ^. 

These actions are the same as in the case of G = S^'' in Case 5. Thus K{x,y)'^ = 
K{A,B)^p'^^ is fc-rational. 

Subcase 8.4. {G,H) ~ (Dg, (p^^))• 
The group G acts on K{x, y) by 

p^ : a I— > a, X ^-7■ ?/, ?/ r : a i-> «, x ?/ i— )■ x, 

p : a a, x xy, y ^ \ 

where K = k{a) and [K : k] = 2. We have K{x,y)^'^'^^ = K{S,T) where S and T are 
defined in Lemma 13. 4[ and r and p act on -ft'(S', T) by 



5(5+^-1) 



r:«i— S'^-)■5', Ti— ^ 



if char k ^ 3, 



p:a^a, S ^ -, T ^ < ^ 



^ if char = 3, 

1 J "^"'"^^ if charfc ^ 3, 



•S* I i if char k = 3. 



. T 



When charfc = 3, K{x,y)^ = K{S,TY^^p^ = K{S,T + ^Y^^ = k{a{S + l)/{S 
1),T + ^) is A;-rational. 
When char k ^ 3, define 



U ■.= S, V ■.= T + 



S{S+^-l] 



T 

Then K{S, r)<"> = K{U, V) and p acts on K{U, V) by 

p : a \-^a, U ^ jj, V ^ jj. 
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Thus K{x,y)'^ = K{U, V)^^^ is fc-rational by Theorem 11.31 

Subcase 8.5. {G,H) = {D^, (p^, -r)). 
The group G acts on K{x, y) by 

p : a; I— )■ a, x i— )■ xy, 1/ ^-^ ^ 

where K = k{a) and [K : k] = 2. We have K{x,yY''^'> = K{S,T) where 5* and T are 
defined in Lemma 13.41 and the actions of r and p on K{S, T) are given by 

T 



1 ^ -F if char k ^ 3, 
T if char A; = 3, 



5' 



^ _ r, , 1 ^ , P'^T ^ if char/c7^3, 
1^ y if char k = 3. 

If char A; = 3, then K{x,y)^p''-^'p'^ = K{S,T)^-^'P'^ = K{S + ^,T)<''> = k{S + 
^, a(T + 1)/(T — 1)) is /c-rationaL 
If char A; 7^ 3, define 

T{S+1) T2 



then K{S, Tp = K{U, V) and the action of p on K{U, V) is given by 

p : a H- a, f/ f-^ ^-^72 — V h-> ^ ^ . 
Define W := (t/^ - 3V^)/l^. We find that 

p:a^a, U ^ w^MK^ W y^W. 

Apply Lemma O (3), (4). We find K{x, y)^ = K{U, W^p'^ is A;-rational. □ 

Saltman discussed the relationship of Ka{M)^ and the embedding problem in |Sa3] : 
in particular, see Section 3 of jSa3] . In the following, we reformulate the two exceptional 
cases of Theorem 11.141 in terms of the embedding problem. 

Proposition 4.3 (1) Let k he a field with char A; 7^ 2, a G A;\A;^ and K = k{y/a). Let 
G = (a) act on K{x,y) by 

a : ^/ah-^ -v^a, x i, y -i. 

Then K{x, y)^ is rational over k if and only if the quadratic extension k{^Ja)/k can 
he emhedded into a C^^-extension of k, i.e. there is a Galois extension L/k such that 
k C k{^/a) C L and Gal(L/A;) ~ C4. 
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(2) Let k be a field with char/c 7^ 2, a,6 G k\k'^ such that [K : k] = 4 where 
K = k{y/a, y/b) . Let G = {a, r) ~ D4 act on K{x, y) by 

a : y/a^ -yfa, Vb ^ Vb, x ^, y^ -i, 
r : ^/a ^/a, \/b 1— )■ —\/b, x ^ y ^ —y. 

Then K{x, y)^ is rational over k if and only if there is a Galois extension L/k such 
that k C K C L and Gal{L/k) ~ D4. 

Proof. Check the proof of Case 3 and Subcase 7.1 of Theorem I1.14[ and use the 
well-known results of the embedding problem. For example, for the obstruction to the 
1 — )■ C2 ^ C4 — )■ C2 — )• 1, see [Lai Exercise 8, page 217; |Kll page 837; [Lei page 37]; 
for the obstruction to the 1 — )■ C2 — )■ -D4 — > C2 x C2 — )• 1, see [Kl] page 840; [Lei page 
38]. □ 

Example 4.4 Let be a field of char/c ^ 2, K = k{a,P) be a biquadratic extension 
of k. We consider the following actions of /c-automorphisms of = {a, r) on K{x, y): 

aa'.a^ -a, /3 H- /3, x H- y, y ^ \, 
ap:a\^ a, /3 xv^y, y ^ ^, 

ac,p:a^ -a, /3 f-> x f-> ?/, y ^ I, 
: a I— 7- —a, /3 1— )■ /3, x ^ y. y x, 
: a a, fi ^ —fi, x y, y x, 
Tap : a H- —a, (3 1— )■ — /3, a; H- y, y ^ x. 

Define L„^/3 = K{x,y)^'^°"'^i^'^ where a = and b = It is not difficult to verify 
that 

(1) La./3 is rational over k iff La^ap is rational over k iff (a, —b)k = 0, 

(2) Ljs^a is rational over A; iff Lfs^a/3 is rational over k iff (6, — a)^ = 0, 

(3) La/s^a is rational over k iff -Z^o/?,/? is rational over k iff (a, 6)^ = 0. 

In particular, if G A; then the rationality of the six fixed fields La,/?, L^^ap-, 

Lp,a, Lfj^afi, Lai3,a and L„/3,/3 over k coincide. 

On the other hand, consider the case k = (Q, K = Q(a, P) where = —1 and 
P"^ = p where p is a prime number with p = 1 (mod 4). Then L^^p and L^^ap are 
not rational over (Q because (—1, — p)(q = (—1, — 1)(q 7^ 0, while L^j^q, Lp^ap, Lap^a and 
-^a;S,/3 are rational over Q. 
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5. Applications of Theorem 



1.14 



Lemma 5.1 ( |AHKt Theorem 3.1]) Let L he any field, L{x) be the rational function 
field of one variable over L, and G be a finite group acting on L{x). Suppose that, for 
any a G G, cr{L) C L and a{x) = a^x + ba where a^yba € L anda^ ^ 0. Then L{x)^ = 
L^{f) for some polynomial f G Llxf^ . In fact, ifm = min{deg5f(a;) : g{x) G L[x]^\L}, 
any polynomial f G with deg f = m satisfies the property L{x)^ = L^{f). 

Proof of Theorem 

Consider first the case M = Mi © M2 where rank^ Mi = 3 and rank^ M2 = 1 . 

Write Ml = 0i<^<3 'Z-Xi, M2 = 'Z-y, and k{M) = k{xu xa, X3, y). 

Since G acts on k{M) by purely monomial /c-automorphisms, it follows that a{y) = 
y or ^ for any a G G. Define z = |^ (if char A; 7^ 2), and z = (if char A; = 2). 
It follows that a{z) = z or —z (if char/c 7^ 2), and o"(z) = z or 2; + 1 (if charfc = 2). 
Apply Lemma l5.ll We find that k{M)^ = k{xi,X2,xs)^{f) for some polynomial 

/ G k{Xi,X2,X3)[z]'^. 

Since G acts on k{xi, X2, x^)'-^ by purely monomial fc-automorphisms, the fixed field 
/c(xi, Xa, Xs)*^ is fc-rational by Theorem 11.71 Hence the result. 

From now on we will concentrate on the case M = Mi © M2 with rank^ Mi = 
ranks M2 = 2. 

Step 1. Write Mi = Q^^.^^Z-x^, M2 = 0i<i<2 2-l/i, and k{M) = k{xi, X2,yi,y2). 

We will apply Theorem 11.141 to show that, for most situations, k{M) is /c-rational. 
In fact, regarding k{xi,X2) as the field K, we will use Theorem 11.141 to see whether 
K{yi,y2)'^ is fc-rational. Alternatively, we may regard k{yi,y2) as the field K' and try 
to study i^'(xi, X2)'^. 

In both situations, G acts on K{yi,y2) and K'{xi,X2) by purely quasi- monomial 
fc-automorphisms. Apply Theorem 11.141 If we are lucky, then either K{yi,y2)'^ is 
rational over K'-' = k{xi,X2)'~^ or K'{xi,X2)'~' is rational over K"^ = k{yi,y2)^. Since 
k{xi, X2)^ and k{yi, y2)'^ are /c-rational by Theorem ll.6t it follows that either K{yi, ^2)'^ 
or K'{xi,X2)'^ is fc-rational. 

In summary, k{M)'^ is fc-rational except that both K{yi,y2)^ and K'{xi,X2)'~' fall 
into the exceptional situation of Theorem 11.141 

Step 2. Suppose that ^(^1,^2)'^ and K'{xi,X2)'^ fall into the exceptional situation 
of Theorem 11.141 In particular, char k ^ 2. 

Without loss of generality, we may assume M is a faithful G-lattice, i.e. the subgroup 
{a eG : a{xi) = Xi, a{yi) = ?/i for 1 < i < 2} = {1}. 

Define Ni = {a e G : a{xi) = Xi ioi I < i < 2}, N2 = {cr e G : a{yi) = yi for 
1 < z < 2}. Note that A^i <G, N2< G, and A^i n iVz = {I}- 

In the field K{yi,y2), N2 is the subgroup of Theorem 11.141 while A^i is the 
subgroup H of Theorem 11.141 The reader may interpret A^i and A^2 for the field 
K'{xi,X2) himself. 
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Since K{yi,y2)'^ and K'{xi,X2)'^ fall into the exceptional situation, we get (i) 
{G/N2,N^N2/N2) - (C4,C2) or (^4,^2), and (ii) (G /N^, N^N^/N^) ~ (C4, C2) or 

P4,C2). 

Note that A^i ~ N1N2/N2 and N2 ~ N1N2/N1. Hence iVi ~ A^2 ^ C2. It fol- 
lows that either G/Ni ~ C4 ~ G/N2 or G/Ni ~ D4 ~ G/A^2; the possibility that 
{G/Ni,G/N2) ~ (C4,L'4) or (£'4,^4) is ruled out because \G/Ni\ = \G/N2\. 

Step 3. We consider the cases {G /Ni,G /N2) — (6*4,6*4) and {D^^.D^) separately. 

Case 1. G/Ni ~ C4 and G/N2 ~ C4. 
Write = in), N2 = {T2). 

Note that T2 and G/Ni act faithfully on Mi. By Theorem EIH G*/A^i = (ai) ~ 6*4 
and we may choose the generators Xi, X2 of k(Mi) satisfying ai : Xi ^-^ X2, X2 ^ —, 
T2 = erf : Xi i-^ X2 ^ (also see Case 3 in the proof of Theorem II. 14p . 

Since T2 acts trivially on k(M2), we find that /c(M)^'^2> = A;(xi, X2)^^^^(?/i, 1/2) = 
k{s,t){yi,y2) where s, t are defined as 

(5.1) s = , t 



Xi + X2 Xi- X2 

by Lemma [3.31 Moreover, ai{s) = -, ciit) = — ^ (see Case 3 in the proof of Theorem 

EH. 

On the other hand, G/ {T2) — G/N2 — C*4 acts faithfully on k{M2). We may choose 
the generators yi, y2 and G/N2 = {(72) such that cr2 : ?/i h-). ?/2 ^ by Theorem 13.11 
again. 

Now k{Mf = {A;(xi,X2)(i/i,y2)^^}^/'^=^ = A;(s, t)(yi, i/2)<'^^^ 

The action of (T2 on k{s,t) is induced by the action of G on k{s,t). But the action 
of G on k{s,t) is just that of di. Hence cr2(s) = ^ and o-2{t) = —j. 

Define n = f^. Then (r2{u) = -u. Hence A;(s, t)(?/i, ^2)^"'^ = k{yi,y2,t){u)^''^'> = 
k{yi,y2,t)^'^^Kf) for some polynomial / by Lemma [5.11 

Note that a^(t) = t and a^iyA = ^ for i = 1, 2. Define zi = ^i^, Z2 = ^i^. By 
2\ J 2\t>ij y- 5 1 yi+y2 ' ^ yi-y2 

Lemma[33]fc(2/i,y2,t)^'^2) = k{zi,Z2,t) and (72(2:1) = ^, cr2(2;2) = ^• 

Regard k{zi, Z2,tY'^'^'^ = k(z2,t){zi)^'^'^'^ as the function field of a 1-dimensional al- 
gebraic torus over the field k{z2,t)^'^^K We find that k{zi, Z2,t)^'^'^'^ is rational over 
k(z2,tY'^'^^ (see Example II. 2p . On the other hand, the field k{z2,tY'^^^ is fc-rational by 
Theorem 11.61 Hence the result. 

Case 2. G/Ni ~ D4 and G/N2 - D^. 
The proof is almost the same as Case 1. 

Write A^i = (n), N2 = (r2), G/N^ = (ai, Ai) ^ D^, G/N2 = (^2, A2) ~ A- 
As before, apply Theorem 13.11 We may assume that T2 = erf and 

CTi : Xi i-> X2 ^; Ai : Xi ^ X2; 
0-2 : yi ^-^ 2/2 ^; A2 : yi O 2/2- 
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It follows that k{xi, X2Y'^^'^ = k{s,t) where s and t are defined by (15. ip . Moreover, 
as in Subcase 7.1 in the proof of Theorem II. 14^ we have 

0"! : s (-7- ^, t I— 7- — ^; Ai : s s, t —t. 

Note that k{Mf = X2)(i/i, 2/2)^'}^/^' = k{s,t){yi,y2)^/^' . The action of 

G/N2 on k{s,t) is the action induced by G/Ni = (o"i, Ai) on k{s,t). In particular, it is 
a purely monomial action on k{s). 

Define u = The rationality problem of A;(s, 7/2)'^''^^ is reduced to that of 
k{yi, y2, Lemma [STTl The proof that k(yi, 7/2, t)'^/^^ is A;-rational is almost the 

same as that of the last stage of Case 1. The details of the proof is omitted. □ 

Proposition 5.2 Let G be a finite group, M a G-lattice. Assume that M = Mi © 
M2 © M3 as lilG] -modules where rank^ Mi = rank^ M2 = 2 and rank^ M3 = 1. For 
any field k, suppose that G acts on k{M) by purely monomial k- automorphisms. Then 
k{M)'^ is k-rational. 

Proof. Write M3 = Z ■ 2. Then k{M) = k{Mi © M2){z) and (t{z) = z 01 \ for any 
(T G G. Define u = (if char A; 2), and u = (if char/c = 2). It follows that 
cr{u) = ±u (if char k 2), and o"('u) = -u or -u + 1 (if char k = 2). 

Apply Lemma [HTTl We find k{M)'-^ = k{Mi(B M2)^ (f) for some polynomial /. Since 
fc(Mi © M2)'^ is fc-rational by Theorem I1.16[ it follows that k{M)^ is fc-rational. □ 



6. Some decomposable lattices of rank 5 



Before extending the method in the proof of Theorem 11.161 we recall the definition 
of retract rationality. 

Definition 6.1 ( [Salj IKa5] ) Let k be an infinite field and L/k be a field extension. L 
is called retract /c-rational if L is the quotient field of some integral domain A where 
k (Z A d L satisfying the conditions that there exist a polynomial ring . . . , X^], 
some non-zero polynomial / G A;[Xi, . . . , X„], and fc- algebra morphisms Lp : A ^ 
fc[Xi, . . . ,XJ[1//], ^ : . . . ,XJ[1//] ^ A such that ^ o = U. 

It is not difficult to see that "/c-rational" ^ "stably A;-rational" ^ "retract fc-rational" 
^ "/c-unirational" . 

Theorem 6.2 Let G be a finite group, M be a G-lattice. Assume that (i) M = 
Ml © M2 as 1i[G]-modules where rank^ Mi = 3 and rank^ M2 = 2, (ii) either Mi or 
M2 is a faithful G-lattice. Let k be a field and G act on k{M) by purely monomial k- 
automorphisms. Then k{M)^ is k-rational except the following situation : char 7^ 2, 
G = {o',t) ~ and Mi = ©Kjo^ajj, M2 = 0i<j<2^l/i such that cr : Xi X2, 
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X3 -xi -X2- X3, yi ^ y2 ^ -yi, r : xi X3, X2 ^ -xi -X2- X3, yi ^ 7/2 where 
the Z[G]-module structure of M is written additively. 

For the exceptional case, k{M)'^ is not retract /c-rational. In particular, it is not 
/c-rational. 

Proof. Consider first the case Mi is a faithful G-lattice. It follows that k{M)'^ = 
k{Mi){M2)^ is isomorphic to the function field of some 2-dimensional algebraic torus 
defined over k{Mi)^ and split over k(Mi) (see Example II. 2p . By Theorem II .St k(M)'-' 
is rational over k{Mi)'^. On the other hand, k{Mi)'-^ is rational over k by Theorem 
11.71 Hence k{M)'^ is /c-rational. 

For the rest of the proof we consider the case when M2 is a faithful G-lattice. 

Step 1. Write Mi = 0i<i<3 Zx^, M2 = 0i<j<2 Define H = [a e G : a{xi) = 
Xi for 1 < i < 3}. 

There are three possibilities : H = {1}, G 01 a non-trivial proper normal subgroup 
of G. 

If H = {1}, then Mi is also a faithful G-lattice. Hence k{M)^ is /c-rational by the 
first paragraph of this proof. 

If H = G, then k{M)^ = k{yi,y2){xi,X2,X3)'^ = k{yi,y2)'^{xi,X2,X3). Since 
k{yi,y2)'^ is fc-rational by Theorem II. 6| it follows that k{M)^ is fc-rational. 

If if is a non-trivial proper normal subgroup of G, we apply Theorem 11.141 to 
k{M) = k{Mi){M2) = K{yi,y2) with K = k{Mi). It follows that k{M)^ is rational 
over A;(Mi)^ except when char A; ^ 2 and (G, H) ~ (G4, G2) or (D4, G2). Since A;(Mi)^ 
is /c-rational by Theorem II. 7| it follows that k{M)'^ is /c-rational except for the above 
situation. 

Step 2. Consider the exceptional situation in Theorem I1.14| i.e. char k ^ 2 and 

(G,if)^(G4,G2), p4,G2). 

We consider the case (G, H) ^ (G4, G2) first. The case (G, H) ^ (D4, G2) will be 
treated later. 

Write G = (a) ~ G4 and H = (a^). 

Note that k{Mf = k{M2){Mif = {A;(M2)(Mi)^}^/^ = {A;(M2)^(Mi)}^/^. 
Since G/H acts faithfully on k{M2)^ , we may reg ard {A;(M2)^(Mi)}'^/^ as the function 
field of a 3-dimensional algebraic torus defined over k{M2)^ ■ 

We try to apply Theorem 11.41 to assert that {A;(M2)'^(Mi)}'^/^ is rational over 
{k{M2)^}'^^^ . For this purpose, we should study Kunyavskii's list |Ku| Theorem 1] 
closely. Since G/H ~ G2, every algebraic torus split over a G2-extension is rational 
by |Kut Theorem 1] (this fact may also be observed by the integral extension of G2). 
Hence {k{M2)^{Mi)}^/^ is rational over {A;(M2)^}^/^ ~ k{M2)^. Since A;(M2)^ is 
/c-rational by Theorem ll.6| it follows that k{M)^ is /c-rational. 

Step 3. Now consider the case char /c 7^ 2 and (G, H) ~ (D4, G2). 

From Subcase 7.1 in the proof of Theorem 11.141 in Section 4, it is not difficult to 
see that G = (a, r) ~ D4 with a : yi ^ y2 ^ — , t : yi y2. Note that H = (cr^) and 
G/ii ~ G2 X G2 acts faithfully on Mi. 
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Note that k{M)'^ = k{M2){Mi)^. We may regard k{M2){Mi)^ as the function field 
of an algebraic torus defined over k{M2)^ . 

We check Kunyavskii's list |Ku[ Theorem 1] again. Such an algebraic torus is 
rational over k{M2)'^ (and therefore k{M)^ is /c-rational) , except when Mi is the 
lattice ?7i(see |Kul page 2]). The lattice f/i is a faithful lattice over ^^[0 / H] with 
G/H ~ C2 X C2 . 

The lattice Ui or the associated finite subgroup in GL^{Wj) is conjugate to the group 
G3^i^4 in |BBNWZ"| . Hence the action of G/H = (a, r) on xi, X2, X3 may be given as 
a : Xi ^ X2, X3 I—)- — - — , T : xi ^ X3, X2 ^ — ^ — • 

We conclude that k{M)'~^ = k{M2){Mi)^ is A;-rational except when G/H = {a,T) 
acts on Ml as cr : Xi -H- X2, X3 h-> — xi — X2 — 0:3, r : Xi -H- X3, X2 ^ —Xi — X2 — X3. 

It follows that Ml is a G-lattice where G = (ctq, t) — D4 and acting trivially on 
Ml (note that a is the image of do in G/H). 

Re-write the generators of G. We conclude that the only unsettled situation is 
the following: char k 2, G = {cr,T) ~ D^, a : Xi ^ X2, X3 1— )■ —Xi — X2 — X3, 
yi^y2^ -yi, r xi^ X3, X2 ^ -Xi - X2 - X3, yi ^ t/2- 

For this situation, we will show that k{xi,X2,X3,yi,y2)'~^ is not A;-rational; in fact, 
it is not even retract /c-rational. 

Note that A;(xi, X2, X3, 1/2)'^ = (^(1/171/2)^'^ \xi, X2, xs))'^^^'^ K The 3-dimensional 
algebraic torus with function field (A;(?/i, 1/2)^'^ \xi, X2, xs))'^^^'^ ^ is not rational over 
(/c (1/1, 1/2)^'^ ))G'/(<^ ) = k{yi,y2)^ by Kunyavskii's Theorem |Ku[ Theorem 1]. But this 
doesn't entail that A;(xi, X2, X3, 1/2)'^ is or is not rational over k. The proof of the 
non-rationality of A;(xi, X2, X3, 1/2)'^ over k will be given in the following Theorem 
16:1 □ 



Theorem 6.3 Let k he an infinite field with char k ^ 2, and G = (r) ^ C2 act on the 
rational function field k{xi, X2, X3, X4) by k- automorphisms defined as 

XA —(x/i,~\)x'i-\-xAx4, — V\ 

r : xi ^ -xi, X2 ^^ f^, X3 ^ ^ Z ' ^4 ^ Xi. 

Then k{xi, X2, X3, x^)^'^^ is not retract k-rational. 

Proof. Suppose that A;(xi, X2, X3, X4)^'^^ is retract fc-rational and k is an algebraic 
closure of k. Choose the fc-algebra A and morphisms ip, ip provided in Definition 16.11 
We get o ip = 1 where 

A-^k[Xi,...,X^][l/f]^A. 

Tensor the above morphisms with k. We get A^^A; — > k[Xi, . . . ,Xm][l/f] A^^k 
and the composite map is l^^^fc- In other words, A^^k is also retract fc-rational. 
Thus, to prove Theorem 16. 3[ we may assume that the field k is algebraically closed. 

Step 1. Let k be an algebraically closed field with charfc 7^ 2, and H = (a. A) ~ 
C2 X C2 act on the rational function field k{vi,V2,V3,V4) by /c-automorphisms defined 
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as 

(J : t;i f-> V2V4, V2 ^-> V1V4, ^-^ j^, ^, 
^ : ^1 ^ ^2 ^ ^3 ^ -^3, V4 ^ V4. 

By |CHKKl Example 5.11, page 2355], the fixed field k{vi,V2,V3,V4)^ is not retract 
fc-rational. We will show that k{vi, V2, ws, ^4)''^ is fc-isomorphic to k{xi,X2, X3, x^)^'^'^ and 
finish the proof. 

Step 2. Define 

■^3 + 1 Va + 1 
Ui = Vi, U2 = V2V4, U3 = -, Ui = -. 

Then f2, ^3, ^4) = M2, M3, U4) and 

o" : Ui I— 7- U2, U2 t— )■ Ui, M3 (— 7- — M3, Ui I— 7- — U4, 

A : Ui t-)- U2 ^ U3 t-> — , M4 K-;- M4. 

It follows that k{ui,U2,U3,U4)^'^^ = k{wi,W2,ws,W4) where 

Ui +U2 Ml - U2 Us 2 

Wi = , W2 = — , W3 = — , W4 = M4. 

2 2u4 Ui 

The action of A on A;(t>i, t>2, fa, ^4)^'^^ = k{wi,W2,W3,Wi) is 

A . UUT. I — r 7 7Y7 — 2 2 \ i "'2 ' — ' — 7 TT7 — 2 2 Ti "^3 ' — ' i "'4 ' — r UuA- 



Step 3. Define 



Wl + W2Wi W2(W4 — l)(tf? — W2W4) 

Xi = , X2 - 



W1+W2 ' {Wi + W2){2Wi +W2 + W2W4) ' 

^2^3^4(2^1 + W2 + W2W4) wf — W2W4 

{wi + w2y ' {wi + w2y 

then K{xi, X2, x^, X4) = K{wi, W2, w^, w^) because 

X2(Xi + X4) a;2(a;4 — 1) X3 X^ — Xi 

Wi = ry, W2 = -, -T, Ws = — , W4 = -. 

X4[Xi — 1) X4{Xi — 1) X^ — X4 X4 — 1 

The action of A on K{xi, X2,X3, X4) is given by 

A : Xi ^ -Zi, X2 ^ f^, X3 ^ ^ X3 ' ^4 ^ X4. 

This is just the action given in the statement of this theorem. □ 



31 



Theorem 6.4 Let k be an infinite field with charfc 7^ 2, and G = {p,t) ~ D4 act on 
the rational function field k{xi,X2,X3,X4^,x^) by k- automorphisms defined as 

p: xih^ X2, X2 H-> xi, 0:3 H-^ ^7^, H- X5, X5 h-^ ^, 

Then A;(xi, X2, X3, X4, Xs)*^ is not retract k-rational. In particular, it is not k- 
rational. 

Proof. Step 1. By Lemma [3731 we find k{xi,X2, X3, X4, Xs)^''^^ = k{Xi, . . . , X5) where 

V - V - V - V - ^43^5 + 1 ^ _ 3^43^5 " 1 

Ai — Xi, A2 — X2, A3 — X3, A4 :— ; , A5 :— . 

X4 + X5 X4 — X5 

The actions of p and r on K{Xi, . . . , X5) are given by 

p:Xi^ X2, X2 ^ Xi, X3 ^ xd^s^ ^4 H> ^, X5 

r : Xi h-). X3, X2 , X3 I-)- Xi, X4 I-;- X4, X5 H- -X5. 

Step 2. We recaU a result of invariant generators |HKY[ Lemma 3.9]: Let A; be a 
field with char A; 7^ 2, c G A;\{0}, and r act on k{x, y, z) by 



r : X ^ V, z — . 

^ ' xyz 



Then k{x,y, z)^"^^ = k{ti,t2,ts) where 



xy xyz + l ^ xyz- 

tl — , ^2 



c 



x + y x + ?/ a^ — y 

Step 3. By the formula in Step 2, we find that fc(Xi, . . . jXs)^"^^ = k{yi, ... ,7/5) 
where 

2X1X3 XiX2X3 + ^ XiX2X3-^ 2X5 
= „ , ^ , 1/2 = TT— , 1/3 = TP 77 , 1/4 = X4, 1/5 



Xi + X3 Xi + X3 Xi — X3 Xi — X3 

The action of p on /c(i/i, . . . , 1/5) is given by 

■ ^ 3/l3/2(y3 + l)(2/3-l) ' ?/2 ' ^'^ ?/3 ' ^ ?/4' 2/3y5(y2 + l)(j/2-l) ■ 

Step 4. Define 

_ 1/3 + 1 _ V^l/5(l/2 - 1) 

1/3-1 1/11/2(1/3 - 1) 

_ 2v/^l/il/2(l/3 + 1) _ (1/2-1) (1/3+1) _ + 

^3 — ~7 TTTT ^4 — 7 TTTT TT; ^5 



(1/2 + 1) (1/3 -1) ' ^ (l/2 + l)(l/3-l)' ' (l/2 + l)(l/4-l)' 
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then the action of p on kiyi, . . . ,y^) = k{zi, . . . ,z^) is given by 



ZA —(z4 — 1)z?+za(z4 — 1) 

p: Zi^ -Zi, Z2 ^ ^, Z3^ Z3 ' ^4 ^ Zi, Z5 ^ Z5. 

By Theorem l6.3[ k{zi, Z2, Z3, z^j^^^ is not retract /c-rationaL Since k{zi, Z2, Z3, Z4, z^)^^^ 
= k{zi, Z2, Z3, Z4)^'^'^ (z^) and the retract rationahty is stable under rational extensions 
[Salt Proposition 3.6; \Ka5\ Lemma 3.4], it follows that k{zi, Z2, z^, Z4, z^)^^^ is not re- 
tract fc-rational. □ 

Remark. In Theorem 16. 3[ by applying Yamasaki's result [Ya| Lemma 4.3], we can 
show that X2, Xa, ^4)^^^ is not retract rational over k^x^). But it is not clear that 
we can show that 0:2, X3, ^4)^^^ is not retract /c-rational by this approach. 
On the other hand, define 

X2{xl - 1) , 1 f X3 xj-xA , 1 f X3 xj- Xa 

ti = Xi, t2 = , ^3 = 7: 7 , ^4 = 7 + 



X4 — 1 2 \X4 — 1 J 2Xi \X4 — 1 X3 

Then r acts on K{ti,t2,t3,t4) = K{xi,X2,X3,X4) by 

T-.ti^ -ti, t2 ^ ' ' t3 ^ ts, U ^ U- 

Define t = t\. Then fc(a;i, 0:2, ^3, 0:4)^'^^ = k(u,v,t, 13,14) with the relation 

- tv^ = (ttl -tl + l){t + ttj - tl). 

Theorem 6.5 Let G be a finite group, G ~ Gal{K/k), M be a decomposable G -lattice, 
i.e. M = Ml © M2 as 'Z[G]-modules where 1 < rank^ Mi < rank^ M. 

(1) If k is an infinite field, then K{M)'^ is retract fc-rational if and only if so are 
K{Mi)^ and K{M2)^. 

(2) If K{Mif and K{M2f are A;-rational, so is K{Mf. 

(3) If ranks Mj < 3 for i = 1,2, then K{M)^ is A;-rational if and only if so are 
K{Mi)^ and K{M2)^. 

Proof. Step L 

First we show that, if M decomposes as above, then K{M)^ is /c-isomorphic to the 
free composite of K{Mi)^ and K{M2)^ over k. 

Let T,Ti,T2 be the algebraic tori over K whose character modules are M, Mi,M2 
respectively. Note that the function fields of T,Ti,T2 are K{M)^ ,K{Mi)^ ,K{M2)^ . 
Since the category of character modules is anti-equivalent to the category of algebraic 
tori rVo2l page 27, Example 6; IKMRTi page 333, Proposition 20.17], we find that T is 
isomorphic to Ti x T2. Hence the result. 

Alternatively, this result can be proved by showing [K{M) : L] < \G\ where L is 
the free composite of K{Mi)'^ and i^r(M2)'^. The details are omitted. 

Step 2. 
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Consider K{Mi)^ C K{M)^ = K{Mi){M2)^. By [Sal Theorem 1.3; [Ki5l Lemma 
3.4 (iv)], K{Mi)^ is a dense retraction of K{M)^. If K{M)'^ is retract fc-rational, 
by [Sa2[ Lemma 1.1; IKaSt Lemma 3.4 (iii)], then K{Mi)^ is also retract /c-rationaL 
Similarly for /^(Ms)^. 

Now assume that both K{Mi)^ and K{M2)^ are retract fc-rational. Consider 
k C i^(Mi)'^ C K{M)'-^. Since K{M2)^ is retract fc-rational, choose the affine do- 
main A whose quotient field is K{M2)'^, the localized polynomial ring, the fc-algebraic 
morphisms, etc. provided in Definition 16. 1[ Tensor all these with K{Mi)'-^. We find 
that the free composite of K{Mi)'-^ and K{M2)'^ is retract rational over K{Mi)'^. By 
Step 1, the free composite of K{Mi)'^ and K{M2)^ is nothing but K{M)'^. We con- 
clude that K[M)^ is retract rational over i^(Mi)*^ and /^(Mi)*^ is retract rational over 
k. By |Ka5l Theorem 4.2], K{M)'^ is retract /c-rational. 

Alternatively, we may use Saltman's Theorem that K{M)^ is retract fc-rational if 
and only if [M]^^ is an invertible G-lattice where [M]-^' is the flabby class of M (see 
[Sa2l Theorem 1.3] and p<a5l Section 2]). Note that [Mi ©Ms]-^' = [Mi]^' © [Ma]-^'. The 
details are omitted. 

Step 3. 

If K{Mi)^ and K{M2)'^ are /c-rational, K{M)^ is also fc-rational by Step 1. 
Step 4. 

We will prove that, if K{M)'^ is A;-rational, then both K{Mi)'^ and K{M2)^ are 
/c-rational. 

If rankg; Mj < 2, this follows from Theorem 11.31 

From now on, we assume that rank^ Mi = 3. Since K{M)'^ is retract /c-rational, 
we find that K{Mi)'^ is also retract /c-rational by Step 2. 

In |Kul Theorem 1], Kunyavskii not only finds a birational classification of 3- 
dimensional algebraic tori, but also proves that, if an algebraic torus is not /c-rational, 
it is nor retract /c-rational (see Theorem 11.41 and [Ka5l page 25, the fifth paragraph]). 
Hence i^'(Mi)'-^ is /c-rational. □ 
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